Abstract. We prove the (strong) equivalence between two known n-norms on the space ℓ p of p-summable sequences (of real numbers). The first n-norm is derived from Gähler's formula [2] , while the second is due to Gunawan [6]. The equivalence is proved by using the properties of the volume of ndimensional parallelepipeds in ℓ p .
INTRODUCTION
In the 1960's, S. Gähler [1, 2, 3, 4] developed the theory of n-normed spaces. An nnorm on a real vector space X (of dimension at least n) is a mapping ∥·, . . . , ·∥ : X n → R which satisfies the following four conditions: The pair (X, ∥·, . . . , ·∥) is called an n-normed space. Note that in this space, we have ∥x 1 + y, x 2 , . . . , x n ∥ = ∥x 1 , x 2 , . . . , x n ∥ for any y = c 2 x 2 + · · · + c n x n . See [7] for many other properties of n-normed spaces.
If X is a normed space, then, according to Gähler, the following formula defines an n-norm on X:
Here X ′ denotes the dual of X, which consists of bounded linear functionals on X.
, the space of p-summable sequences (of real numbers), the above formula reduces to
where ∥ · ∥ p ′ denotes the usual norm on X ′ = ℓ p ′ and each of the sums is taken over j ∈ N. Here p ′ denotes the dual exponent of p, so that
, where x i = (x ij ), i = 1, . . . , n. For p = 2, this formula reduces to
where ⟨x i , x j ⟩ denotes the usual inner product on ℓ 2 . Here ∥x 1 , . . . , x n ∥ 2 represents the volume of the n-dimensional parallelepiped spanned by
Thus, on ℓ p , we have two definitions of n-norms, one is derived from Gähler's formula and the other is due to Gunawan. For p = 2, one may verify that the two nnorms are identical (see [5] ). The aim of this paper is to prove the (strong) equivalence between the two n-norms for 1 ≤ p < ∞. We do so by invoking the volume formula of n-dimensional parallelepipeds in ℓ p , which involves the notion of semi-inner products [8] . This result solves the problem posed in [10] .
MAIN RESULTS
On a normed space (X, ∥·∥), we may define the functional g :
where
The functional g satisfies the following properties:
If, in addition, the functional g (x, y) is linear with respect to y ∈ X, then g is called a semi inner product on X. For example, for 1 ≤ p < ∞, the functional
defines a semi inner product on ℓ p , where ∥ · ∥ p is the usual norm on ℓ p .
By using the semi inner product g, we can define an orthogonality relation on X by
In general, x ⊥ g y does not imply y ⊥ g x, since g is not always commutative. Next, we can define the g-orthogonal projection of y on x by
and obtain the g-orthogonal complement y − y x . Note here that x ⊥ g y − y x . Moreover, the g-orthogonal projection of y on S = span {x 1 , . . . ,
, and the g-orthogonal complement y − y S is given by
Observe here that x i ⊥ g y − y S for i = 1, . . . , k. Now, let {x 1 , . . . , x n } be a linearly independent set of vectors in X. Then, as in [9] , we can obtain the left g-orthogonal sequence x
• n through the following procedure:
. . , n. Note here that x i ⊥ g x j whenever i < j.
Next, as in [8] , we can define the 'volume' of the n-dimensional parallelepipeds spanned by x 1 , . . . , x n by
Since g may not be commutative, the value of V (x 1 , . . . , x n ) may not be invariant under permutation of (x 1 , . . . , x n ). If x 1 , . . . , x n are linearly dependent, then we shall define V (x 1 , . . . , x n ) = 0. The following theorem gives an estimate for the volume of an n-dimensional parallelepipeds in ℓ p in terms of Gunawan's n-norm. 
Proof. The upper estimate is already proved in [8] . Now, to prove the lower estimate, it suffices to show (n!)
because ∥x 1 , . . . , x n ∥ p is invariant under permutation of (x 1 , . . . , x n ). Assuming that x 1 , . . . , x n are linearly independent, let x
• n be the left g-orthogonal sequence obtained from x 1 , . . . , x n . Then, by basic properties of an n-norm, we have
Next (see [6] , Fact 3.1), we have
as desired.
The following theorem gives an estimate for the volume in terms of Gähler's n-norm. 
Proof. As before, it suffices to show 
For each i = 1, . . . , n, take z i = (z ij ) where z ij := ∥x
We observe that ∥z i ∥ p ′ = 1, and hence
where g is the functional defined by the formula (1). Here g(x As a consequence of Theorems 2.1 and 2.2, we get the following result, which tells us that Gunawan's and Gähler's n-norms on ℓ p are (strongly) equivalent.
